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ABSTRACT

The scattering of freely-propagating coastal-trapped waves (CTWs) by large variations in coastline and to-
pography is studied using a numerical model which accomodates arbitrary density stratification, bathymetry
and coastline. Particular attention is paid to the role of stratification which in moderate amounts can eliminate
backscattered free-waves which occur, theoretically, in a barotropic ocean.

Numerical simulations using widening and narrowing shelf topographies show that the strength of the forward-
scattering into transmitted CTW modes is proportional to a topographic warp factor which estimates the severity
of the topographic irregularities. The forward-scattering is further amplified by density stratification. Within the
scattering region itself, the strengths of the scattered-wave-induced currents exhibit substantial variation over
short spatial scales. There is generally a marked intensification of the flow within the scattering region, and
rapid variations in phase. On narrowing shelves, the influence of the scattering can extend upstream into the
region of uniform topography even when no freely-propagating backscattered waves exist.

A simulation is conducted of CTW scattering at a site on the East Coast of Australia where observations
suggest the presence of scattered freely-propagating CTWs. The success of the model simulation in reproducing
features of observations supports the notion that realistic shelf geometries can scatter significant levels of CTW
energy, and that the scattered waves can have an appreciable signal in current-meter observations made on the
continental shelf. This suggests that, along irregular coastlines, it is important to account for the possibility that

CTW scattering may be occurring if oceanographic observations are to be interpreted correctly.

1. Introduction

Over the past twenty years, oceanographic obser-
vations have revealed that patterns of sea-level and
current fluctuations with periods of a day or more
propagate along the continental shelves of many of the
world’s oceans. These subinertial-frequency wavelike
motions, which extend across the width of the shelf
and are often generated by winds many hundreds of
kilometers from where they are observed, account for
a major part of the large-scale, low-frequency current
and sea-level variability along many coastlines. Theo-
retical studies have attributed these motions to wind-
driven and/or freely propagating coastal-trapped waves
(CTWs) which travel cyclonically with respect to the
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deep sea, i.e. with the coast on the right (left) in the
Northern (Southern) Hemisphere.

Statistical analyses of sea-level, current and wind data
combined with models of CTW dynamics along the
coast of Peru (Smith 1978), the west coast of North
America (Halliwell and Allen 1987) and the East Aus-
tralian coast (Freeland et al, 1986; Church et al. 1986a)
confirm that the waves observed there have speeds and
across-shelf structures consistent with those expected
from theoretical analyses. Further validation of CTW
theory is provided by applications of the first-order
wave equation (FOWE) method (e.g. Clarke and Van
Gorder 1986) in situations where the long wave ap-
proximation can be made (i.c., wave periods are in the
range of several days to a few weeks and alongshelf
scales of motion are much greater than the shelf width).
Along relatively straight coasts, the FOWE studies of
Battisti and Hickey (1984), Church et al. (1986b),
Chapman (1987), and Mitchum and Clarke (1986)
obtained generally good agreement between observed
and hindcast sea-level and alongshelf current fluctua-
tions.

However, most coastlines vary significantly over
spatial scales much shorter than CTW length scales
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which introduces the possibility of appreciable scatter-
ing of CTW energy from one mode into others occur-
ring over alongshelf distances comparable to the shelf
width, a process not accounted for in FOWE analyses.
For example, the poorest agreement between obser-
vations and the time series hindcast by Mitchum and
Clarke (1986) occurs at the northern end of the West
Florida shelf where the shelf narrows abruptly. Chap-
man (1987) found that the propagation of CTWs
through the irregular geometry south of Point Con-
ception, California, where the shelf widens abruptly,
the coastline bends sharply and the coastal waveguide
is split by a chain of offshore islands, was not modelled
adequately by FOWE dynamics. Observations by Grif-
fin and Middleton (1986) suggest the possible gener-
ation of high mode CTWs in the lee of Fraser Island,
Australia.

While likely to have a significant effect on the prop-
agation of CTWs, scattering processes at places where
the shelf width and topography change sharply are
poorly understood. To date, most studies of CTW
scattering have been limited to the scattering of Kelvin
waves by small or abrupt coastline variations in a uni-
formly stratified ocean without coastal topography (e.g.
Mysak and Tang 1974; Buchwald 1968; Packham and
Williams 1968), and to the scattering of barotropic
shelf waves (the weak stratification limit of CTWs) by
slowly varying, small or randomly placed small changes
in topography and coastline (e.g., Killworth 1978;
Buchwald 1977; Allen 1976; Chao et al. 1979; Brink
1980). The scattering of long CTWs by small bottom
irregularities in a stratified ocean was considered by
Brink (1986).

A few studies have considered the scattering of baro-
tropic shelf waves (BSWs) by large variations in coast-
line and topography. Of particular interest to the pres-
ent study is the work of Hsueh (1980) who showed
that large variations in shelf width occurring over large
alongshelf distances (i.e., where the longwave approx-
imation is valid ) will not scatter BSWs if the topography
varies in a “shelf-similar” manner where the distance
from each isobath to the coast remains a fixed fraction
of the local shelf width. Hsueh (1980) proceeded to
consider scattering due to small deviations from shelf-
similarity, and found that scattering could create across-
shelf phase differences in flow events comparable to
the phase differences found by Brink and Allen (1978)
which were due to bottom friction effects. Davis (1983)
showed that the restrictive longwave approximation
need not be made in the definition of shelf-similar to-
pographies. Using conformal mapping arguments he
demonstrated that any shelf topography can be mapped
to one of constant width in the new mapped coordinate,
and that the equation governing the propagation of
dispersive BSWs is invariant under such a mapping.
Furthermore, Davis showed that if the logarithm of the
depth satisfies Laplace’s equation, then the shelf maps
to a shelf of constant width with parallel isobaths which,
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therefore, will not scatter BSWs. This property is the
foundation of Hsueh’s definition of shelf-similarity.
Strictly speaking, Hsueh’s definition is not valid for
shelf width changes which occur over an alongshelf
distance comparable to the shelf width, and Davis’
more rigorous definition should be applied. However,
inspection of Davis’ example (Davis 1983, his Fig. 1)
in which the shelf width changes by a factor of 1.5 over
a distance twice the mean shelf width, it is clear that
the definitions are almost identical. In the long wave
limit the two definitions coincide. It should be stressed
that this property holds only in the barotropic limit,
With the introduction of stratification, the governing
equation is no longer invariant under conformal trans-
formations and the possibility of CTW scattering can-
not be ruled out.

Other studies of BSW scattering by large variations
in coastline and topography include the work of Web-
ster (1987) who considered topography which is shelf-
similar in the sense defined by Hsueh (1980) but vary-
ing over an alongshelf distance comparable to the shelf
width. As expected from Davis’ (1983) analysis, the
scattering of BSWs was weak unless the relative change
in shelf width was large and the length of transition
zone was less than the shelf width. Wang (1980) con-
sidered the scattering of a BSW by a canyon, a ridge,
or diverging/converging isobaths. Little backscattering
occurred for the cases of convergence or divergence of
depth contours unless the incident wave frequency ex-
ceeded the maximum possible frequency of all outgoing
modes, in which case total reflection resulted. The can-
yon and ridge topographies both backscattered a large
portion of the incoming wave energy. Wilkin and
Chapman ( 1987) presented a solution for the scattering
of a BSW incident upon a discontinuity in shelf width.
They found a substantial transfer of energy to modes
other than that of the incident wave which produced
a strong modulation in flow intensity and phase pro-
gression downstream of the scattering region. Middle-
ton and Wright (1988) considered BSW scattering by
an abrupt jump in depth. Energy transmission was
greatest at low frequencies and decreased with increas-
ing frequency and increasing jump size. A review of
other studies is presented by Huthnance et al. (1986).

While the above BSW results are useful for devel-
oping insight into scattering processes, the neglect of
stratification may be a serious omission. Huthnance
(1978) and Chapman (1983) have shown that the in-
troduction of weak stratification can eliminate the
backscattered free waves found in a barotropic ocean.
In such a case, there can be no backscattering and the
BSW results may be qualitatively altered. We address
this issue by using the numerical model described in
section 2 to consider the problem of CTW scattering
by large variations in coastline and topography occur-
ring over alongshelf distances comparable to the shelf
width in a realistically stratified coastal ocean (section
3). Then, in section 4, the numerical model is used to
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simulate CTW scattering at a site on the East Coast of
Australia where .observations made by Griffin and
Middleton (1986) suggest the presence of scattered
freely- propagatmg CTWs.

2. The numerical model

The numerical experiments discussed in section 3
were conducted using the four-dimensional (x, y, z,
t), primitive equation, ocean circulation model devel-
oped by D. Haidvogel of Johns Hopkins University.
The Haidvogel primitive equation model (PEM) is
ideally suited for studies of CTW scattering because it
allows for the specification of: (i) irregular coastal ge-
ometry through the use of boundary-fitted orthogonal
curvilinear coordinates in the horizontal, (ii) irregular
bottom topography by employing a stretched “sigma”
coordinate in the vertical, (iii) arbitrary density strat-
ification, and (iv) arbitrary open boundary conditions.
The formulation, implementation and testing of the
PEM have been documented in detail by Haidvogel et
al. (1990). A brief outline of the modifications made
to tailor the PEM to the present application is presented
here. A more complete description may be found in
Wilkin (1988a).

a. Simplifications to the governing equations

The primitive equations are derived from the in-
compressible Navier—Stokes equations of fluid flow by
making the Boussinesq and hydrostatic approximations
(e.g. Cox 1985). In order to study freely propagating
linear inviscid CTWs the nonlinear terms and vertical
diffusion terms of the primitive equations were omitted
from the numerical calculations. Strictly speaking, the
horizontal mixing terms should also be omitted, but
as is frequently found in primitive equation models,
some horizontal friction must be retained in the mo-
mentum equations to control small-scale computa-
tional noise.

b. Orthogonal curvilinear coordinates

The physical domain of the numerical experiments
is typically, although not necessarily, bounded by an
irregular coastline, a straight offshore boundary, and
two straight across-shelf open boundaries. The com-
puter code used in the present application to generate
the curvilinear grids fitted to the domain (Wilkin
1988b) is based on an algorithm described by Ives and
Zacharias (1987) which first maps the irregular ge-
ometry to a rectangle using repeated applications of a
power (or hinge point) conformal transformation.
Once the boundary mapping is complete, the grid can
be filled in by solving Laplace’s equation for the phys-
ical coordinates of the grid points. The metric factors
of the coordinate transformation can then be calculated
and input into the model. An example of one of the
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coordinate grids used in the experiments is shown in
Fig. 10.

¢. Coastal-trapped wave across-shelf modal structures

In order to introduce free CTWs into the PEM, and
to identify scattered CTWs in the model output, it is
necessary first to compute their across-shelf modal
structures. This is achieved by using an algorithm
(Wilkin 1987) developed specifically for use in con-
junction with the PEM which computes the modal
structures of free CTWs for arbitrary bottom topog-
raphy and stratification using the same numerical dis-
cretization scheme employed in the PEM.

Making the approximations outlined above (i.e.,
linear, inviscid, hydrostatic, Boussinesq ), the equation
governing the across-shelf modal structure of the pres-
sure perturbation of a free CTW [(n, z)] with wave-
number k and frequency w is

a i) ’
n 3 (n aﬂ) + (f
where 7 is the across-shelf coordinate, # is the metric
coefficient function (in the 5 direction) of the curvi-
linear coordinate transformation, f is the Coriolis fre-
quency, and N?(z) is the square of the Brunt-Viisili
frequency, assumed to vary only with vertical coordi-
nate z. It is assumed that the bottom depth profile 4
varies only in the across-shelf direction at the location
at which the modal structures are to be computed.

For a given h, N?, f and k there is a sequence of
solutions to (1), subject to appropriate boundary con-
ditions, at discrete eigenfrequencies w;, wy, w3 . . . which
are free CTWs (e.g., Huthnance 1978).

19

)6_Z(N26)z)_,k2$=0 (1)

d. The numerical wavetank

The numerical experiments were conducted by
combining the model components described above into
what may be described as a “numerical wavetank” (Fig.
1). The wavetank is enclosed by four boundaries. Along
the coastal wall a boundary condition of no normal
flow is applied. For computational convenience, the
offshore boundary is also treated as a free-slip wall.
The wall is placed well offshore—typically 2 to 3 times
the shelf width—and moving it farther offshore pro-
duces negligible change in the CTW dispersion curves.
The incident wave is introduced into the computational
domain by a numerical “wavemaker” which prescribes
the horizontal velocity components and density per-
turbation at each time step at the upstream across-shelf
boundary. The prescription is a simple harmonic time-
modulation of the incident-wave modal structure. The
simulations begin with a quiescent wavetank and, to
minimize initial transients, the wavemaker amplitude
increases smoothly over one wave period to a constant
value. As the wave propagates through the width
change, it scatters into a set of transmitted waves of
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FIG. 1. The “numerical wavetank” configuration of the numerical model. The tank is
bounded by free-slip lateral walls. A free coastal-trapped wave is introduced by a wavemaker
at the upstream (left) end of the tank. Scattered waves propagate out through the radiation

boundary at the downstream end of the tank.

different modes. An Orlanski (1976) radiation con-
dition combined with a Rayleigh damping sponge at
the downstream across-shelf boundary allows the scat-
tered waves to propagate out of the computational do-
main with little reflection.

The horizontal spatial resolution of the model is set
when the curvilinear coordinate grid is generated. The
model runs reported in section 3 were conducted with
an alongshelf grid spacing of approximately 15 km, an
across-shelf spacing of 4 to 6 km, and seven Chebyshev
polynomials in the vertical. Tests of CTW propagation
in a straight channel with periodic open boundary con-
ditions showed that for spatial resolution of this order,
root-mean-square errors in the horizontal velocity
components after one wave period were at most a few
percent for the low modes (Haidvogel et al. 1990).

Laplacian diffusion applied on constant sigma sur-
faces was employed to damp out the small-scale (two
grid point) computational noise which arises in the
simulations. The Laplacian operator includes both
alongshelf (£) and across-shelf (1) terms. It was found
that, by using.a large diffusion coefficient (500 m?2s™")
for the alongshelf term and a smaller value (100 m?
s~!) for the across-shelf term, the noise could be con-
trolled without significantly affecting the propagation
of the CTWs. No damping was applied to the density
equation.

e. Analysis: Modal decomposition

In order to understand the simulated CTW scatter-
ing, the amplitudes of the scattered modes were ex-
tracted from the PEM output. This was achieved by
performing a least squares fit of the model output to a
sum of propagating CTW modes downstream from the
scattering region. Evanescent motions trapped at the
scattering region have an alongshelf decay scale com-
parable to the across-shelf scale of the topography or
the largest deep-ocean internal Rossby radius (corre-
sponding to the lowest internal mode), whichever is
greater. In practice, the topographic length scale almost

always dominates, so provided the modal fit is per-
formed 200 to 300 km downstream of the scattering
region, the motions present are due virtually solely to
freely propagating scattered CTWs.

The mode fit is performed using the alongshelf ve-
locity which has a strong signal for all stratifications
and topographies. Let &, be the alongshelf location at
which the fit is performed. At &, the grid must be rec-
tangular and the topography must vary only with 7.
The alongshelf velocity field calculated by the PEM is
represented as

upem(&o, M, 2, 1)

Q
= 2 Bq(EO> t)Uq(n? Z)+€(£0: n, Z, t) (2)

q=1

where U,(n, z) is the modal structure of the alongshelf
velocity of transmitted mode g and B,(&, t) is the
instantaneous amplitude of mode ¢ at time ¢. The re-
sidual error between the CTW mode fit and the PEM
output is (&, 7, z, t). A total of Q transmitted modes
is included in the analysis. Once the initial transients
have passed (typically three wave periods), and pro-
vided the section &, is not too close to the Rayleigh
sponge, the modal decomposition returns time series
of B,( %o, t) values which are periodic with the frequency
of the incident wave.

Integrating €2 over the vertical across-shelf plane at
&, gives the square of the total residual error in the
mode fit. Minimizing the total residual error results in
a set of simultaneous equations for the time series of
the mode amplitudes which may be written

Q
Z AmgBg(§0, 1) =T

g=1

m=1,2---0Q0 (3)

where

Tmax 'O
Amq B J(; J\—h Um(n, Z)Uq(ﬂ, Z)dZd‘n
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max 0
rmzj; J:h Um(ﬂ, Z)uPEM(SOs m Z, l)dZd")‘ (5)

In practice, the integrations over 5 and z in (4) and
(5) are performed numerically. The magnitude of each
harmonic series B, (&, t) gives the amplitude of the
corresponding CTW mode. The normalization of the
U,(n, z) modal structures is performed so that the en-
ergy flux of each mode, integrated across the shelf, is
given by the amplitude squared.

| Model performance test: Comparison with analytical
results

A simulation of BSW scattering which nearly du-
plicates the problem considered by Wilkin and Chap-
man (1987) was conducted by Wilkin (1988a) as a
test of the numerical wavetank configuration of the
PEM and the modal decomposition method. (The de-
tails of the test are also reported by Haidvogel et al.
1990.) The least-squares fit gave amplitudes for modes
1 through 4 as 0.365, 0.457, 0.286 and 0.073, which
compare favorably with the analytical values of 0.346,
0.461, 0.316 and 0.085, respectively (Wilkin and
Chapman 1987, their Table 1). The discrepancy is
consistent with the necessarily smoother coastline
change used in the PEM being slightly less conducive
to scattering into higher modes. From this test it was
concluded that the PEM can be applied reliably to the
simulation of BSW scattering by irregular coastal ge-
ometry, and that the modal fit method accurately ex-
tracts the mode amplitudes from the model output.
Other tests of the PEM (Haidvogel et al. 1990) show
that the model correctly propagates CTWs in a stratified
coastal ocean. Furthermore, as will be seen in the fol-
lowing sections, energy flux is nearly conserved in all
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of the scattering calculations. There is every indication,
therefore, that the model can be used with confidence
in the simulation of CTW scattering processes.

3. Numerical results and discussion
a. CTW dispersion properties and scattering regimes

The dispersion properties of free CTWs play a key
role in their behavior as they propagate through an
irregular waveguide. Indeed, it is possible to deduce
several net energy transmission properties of a partic-
ular scattering geometry by simply examining the dis-
persion curves of free CTWs at each end of the scat-
tering region without detailed consideration of the dis-
persion properties within the scattering region itself.

Consider the two across-shelf depth profiles shown
in Fig. 4a. The dispersion curves of the mode 1 CTWs
for these two topographies, for different stratifications
(i.e., different constant values of N?), are shown in
Fig. 2. The curves, computed using the algorithm of
Wilkin (1987), illustrate the theoretical result derived
by Huthnance (1978) that increasing the stratification
increases the wave frequency at all wavenumbers.
Huthnance (1978) also showed that, as the wavenum-
ber (k) becomes large, the frequency (w) tends to a
constant value provided the bottom slope remains
bounded. This limiting frequency is given by

dh
Wy = limw = max[NIF_,,(y)zy-] (6)

k—+o0 y
where y is the across-shelf coordinate. The frequency
of every mode converges to this limit.
For weak stratifications, w(k) has at least one sta-
tionary point w. where w takes a local maximum. There
is therefore a range of frequencies for which CTWs
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FIG. 2. Mode 1 CTW dispersion curves for the (left) wide and (right) narrow topographies shown in
Figure 4a computed for different constant values of N2, for f = 10™*s~". Curves are labeled with N? values
in units s 2. The stationary points of w(k) defined in the text, i.e., w, and w¥, are illustrated on the N = 2.7

X 107 572 curve in the left panel.






