Before we begin Harmonic Analysis I want to quickly review complex numbers. The use of complex numbers can make things easier when dealing with vector time series such as current data

Here  the currents are handled as a complex number 

U=u+i*v

Simple to load in matlab.

Use circle diagram to explain  THAT e ^it = cos(t) + i sin(t)
Note identieis (i.e. cos(t)= .5(e^it + e^-it) ect …)
And how easy it is to rotate currents along an angle.
Harmonic Analysis 

Many time series are harmonic

· Tide

· Sunlight

· Seasons

· Milankovitch

Need to fit time series to harmonic (sin ,cos)

Recall that:

Asin(x)+Bcos(x)=sqrt(A^2+B^2)*cos(x + phase)

phase =atan(A,B);  (or is it B,A) –better look it up.

Given a time series X(t)  

You could construct model
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Thus we want to minimize the error in terms of A,B and the mean value X
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Note that we’ve dropped the sum in front of this expression to simplify the derivation

( note that fitting data set to a mean will yield different answers than taking the mean because the  mean value of the data set may be impacted the fact that it is unlikely to include in integral number of harmonics. If you have many periods of data—you’re OK.

Consider the example of a single harmonic. Taking the gradient of the error with respect to X_bar, A and B we find
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Multiply these out and collect into matrix form:
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If you wanted to fit a time series to a larger number of constituents – you could go through this exercise with 2,3….N, constituents. Or you could look at the pattern in the above equation (you might need to do two constituents to see the pattern develop) 

and guess what it must look like for N harmonics.

Constraints—to resolve two periods record length need to be long enough to have at least one more cycle.

i.e.  two signals of period P1 & P2

record length is T

so we nave T/P1 cycles and T/P2 cycles

the rule is that

T/P1-T/P2 >=1

Or that

T> (P1*P2)/(P1-P2) 

So, for example, if you want to separate the M2 and N2 tidal constituents (which have periods of 12.42 and 12.00 hours, you need a record length of at least 14.78 days.

Putting error bars on LSQ is not trivial.  It requires removing the LSQ fit from the data and looking at the remaining energy in that spectral band.  However to do this requires taking spectra—and this is what we’ll be talking later this semester. 

This would constitute  a final project—for someone to do tidal analysis on  time-series data sets using the model described in  R. Pawlowicz, B. Beardsley, and S. Lentz, "Classical tidal harmonic analysis including error estimates in MATLAB using T_TIDE", Computers and Geosciences 28 (2002), 929-937.

Vector time series 
The ellipse of a vector time series can be described in aggregate (using principle component analysis) or the ellipse can be defined for specific frequencies using harmonic analysis or using spectral analysis.  Here we’ll go over the first two (principle component analysis and the use of Harmonic analysis) and discuss the use of spectral analysis later. Note that principle component analysis is a particular (and simple) form of Empirical Orthogonal Function analysis that will be discussed in more detail later in the semester (as will spectral analysis).

With vector time series (such as velocity – thought any two time series could be made into a vector.  Note that a vector can have any number of dimensions—but here we’ll stick to two dimensions).

One useful way to characterize a vector time series is to describe it’s principle components—which is simply describing a 2-D Guassian distribution. 

PCA is a special form of Empirical Orthogonal Function (EOF)  analysis  that John will cover in more detail later in the semester

But for a 2-D vector (such as NS/EW velocity)  the eigenvalue problem is written as:
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Where Cij=
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The primes note that the mean value has been removed so that the scatter is centered around the origin. Otherwise this analysis would not define ellipse of the fluctuations.

To find the principle axis of the scatter plot of u and v set the determinant of the covariance matrix to zero, i.e.
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The solution yields the quadratic equation
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Whose two roots >are the eigenvalues and correspond to the velocity fluctuations along the major and minor principle axes. 

The orientation of the two axies differ by 90 degrees—(thus they are orthogonal and the  correlation between the two are exactly zero)

Draw a cartoon of this.
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And the orientation of the ellipse is
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Now that we have an angle that defines the direction where most of the varience occurs (in EOF analysis this will be defined as mode 1)  we can rotate the currents along that direction

%Rotate Currents
u and v are the east/west north south currents

UB is 
U=u+i*v;

U=U*exp(-i*ang);

ua=real(U);

uc=imag(U);

For the example in class you’ll need to put these three files in your directory

(note that the map is not drawn in the example I put on the web)

SV2_Ubar.mat
pca.m
pca_examp.m
Ellipse

A similar type of characterization can be done with a specific frequency by first by fitting each time series (u and v) to a harmonic with coefficients A,B C D

i.e
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where, 
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The component velocities can be transformed into a complex vector, 
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can also be described as the sum of two counter-rotating complex vectors, [image: image20.png]


and [image: image21.png]


, which rotate cyclonically and anti-cyclonically, respectively. During one cycle of given tidal frequency, [image: image22.png]


, the quantity [image: image23.png]


will describe a circle. [image: image24.png]


can be described as an ellipse given, 
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and the ellipse properties, 

Semi-major axis = [image: image26.png]


, 
Semi-minor axis = [image: image27.png]


, 
Ellipse orientation = [image: image28.png]



Eccentricity= [image: image29.png]


, 
Phase= [image: image30.png]


. 

Given Euler's equation: 
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Equation 4  reduces to, 
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When equations (A.1) and (A.2) are inserted into (A.3), 
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Setting equations (6) and (5) to be equal gives, 

	[image: image36.png]



	 
	 
	(7.7)


Solving for [image: image37.png]


and [image: image38.png]


, 

	[image: image39.png]



	 
	 
	(7.8)


Now the ellipse parameters can be calculated given the least-squares coefficients ([image: image40.png]


) such that, 
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	(7.9)
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	(7.10)
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	(7.11)
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Code that is needed to run the examples are:
SV2_UBAR.mat
lsq_examp.m
lsq.m
elip.m
PAGE  
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