Time Series analysis (Chapter 5)

Time Domain 

(   


Frequency Domain

Space Domain

 (


Wave number Domain

To make these transformation from the time/space to frequency/wave number we take the spectrum. 

Highest detectable frequency is the Nyquist  Frequency which has a period equal to twice the sampling rate. If you don’t resolve high-frequency variations it can alias your measurements. We’ll look at this formally  later—but an example of Aliasing would be attempting to measure the sea level once a day. Here the period of the Nyquist frequency would be two days—clearly not high enough to measure the tides. But look at what your data would look like.

Consider a signal composed of a single frequency. Two points could define this frequency. However, putting a sin curve through two points you have zero degrees of freedom.
First off—we don’t know if this is a trend or a harmonic!

If we had 100 points in one cycle of this record this would provide more information.  It would let you know that other frequencies are not present. 

Fourier Analysis

An amazing thing.  Any time/space record (y(t), y(x) ) can be reproduced as
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for the time/frequency domain 
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for the space/wave-number domain

Ap and Bp are constants and called the Fourier coefficients.

The steady term is half the mean (the factor of two is used for mathematical convinence, as you will see later).

p are integer multiples of the fundamental frequency defined by the length of the record

I=i2

define the periodogram which defines the frequency depended variance of the signal

(draw picture of spectrum)

Functions are orthogonal—so the coefficients for a given frequency can be determined independently

Functions are orthogonal when 
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So for sine’s and cosines you the frequencies need to be such that each one has one more period in a record length.

Data are discrete samples of a continuous process
N=T/t

N+1 data points

F=1/T,2/T,3/T,4/T,5/T…………M/T

Where M is T/(2t) =N/2 

The period of the highest frequency is 2t which is the Nyquist frequency.

There are N/2 frequency from a record N+1 data points

There are two degrees of freedom for each spectral estimate (A & B), so this plus the mean gives N+1 constraints on the system—and the fit will be a perfect fit (but with zero statistical significance) because you have 0 degrees of freedom.

It would be like talking about the slope of a line fit to two data points. 

What you need to do is either average adjacent frequency bands—or break record into smaller series take spectrum of that and average results. Essentially these two options are the same thing.  More on this later
To obtain the coefficient A multiply by cos (wt)  and integrate over all possible frequencies.
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p=0,1,2,3..N/2

Complex notations

Conveinent  to write in complex notation
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Cn= C*-n

Note relationship between discrete Fourier transform and correlation. If there is a correlation between a sinusoid and the data this operation will yield a higher value than one where the correlation is weak. For the correlation to be large requires that the signal have some energy at this frequency.  Since the Fourier components are orthogonal  each component will uniquely pick up a correlation with the signal. The sum of these coefficients then  completely  describes the signal.
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The Complex Conjegent 

Cn= C*-n

Z=x+iy;

Z*=x-iy;

Z Z*=(x+iy)(x-iy)=x2+y2

MATLAB

Z*conj(Z)

For element-by-element vector or matrix  multiplication 

Z. *conj(Z)

This is useful when taking spectra in MATLAB

Extend F.T. to Generalized functions

Write slightly differently  (integral goes from –T/2  to T/2)
The Gate Function (this is the sampling record) 

Gate Function

=1 –1/2 < x < ½

=0 elsewhere
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Sinc function

So the fourier transform of the Gate function is the sinc function.  This will be important when we discuss filters.

[image: image11.wmf]Õ

É

)

(

)

(

sin

t

f

c


Now consider a gate function that has the same area but the time that it is non zero is 1/T

1/T * GATE(t/T)

So as it gets shorter it gets taller, but the integral remains the same—approaching a delta function.
The Fourier Transform of this is

1/T * sinc(t/T)

Draw this as Gate, with T=2, showing gate narrowing and bringing the function to the Dirac delta function
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Finally the Fourier transform of a Gated Sinwave

SEE YELLOW PAD.
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Note the behavior—T becomes large the peaks become larger and more focused.  Note that the energy in each spectral band is the amplitude of the peak times the spectral resolution (df). Spectral resolution is the frequency difference between each spectral band.

 As T becomes large the peak goes up and the spectral resolution increases (i.e. df becomes smaller. 
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