Filters.

We’ll get back to spectral analysis—but first I want to talk about filtering, and the convolution theorem—for it has applications in spectral analysis as we’ll see we’ll need to window our time series with similar windows that we use for filtering. And the convolution theorem provides a theoretical framework to discuss the effects of windowing  a data set.

1) Start with the Convolution interval

Build this by showing example of the convolution of a time series with a filter i.e.
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Draw picture on board of this

This can be written in differential form as
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This is known  as the convolution integral.

Let f(t) and g(t) be arbitrary functions of time t with Fourier transforms. Take 
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where [image: image9.png]


denotes the inverse Fourier transform. Then the convolution is 
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Interchange the order of integration, 
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So, applying a Fourier transform to each side, we have 
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The convolution theorem also takes the alternate forms 
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....So the filtering process is equal to the product of the Fourier transform of the data times the Fourier transform of the filter. This means that any rippling for Gibb’s phenomena that is inherent  in the filtered record will appear in the output (i.e. the filtered record or the convolution of the filter window with the data)

From practical standpoint a good low-pass filter should have five essential qualities

1) A sharp  cut-off

2) A Flat Band Pass

3) A clean transient response (so rapid changes in signal do not result in ringing

4) Zero phase shift

5) Reasonable computational time

Often these are mutually exclusive

The Fourier transform of y(t) is (which is a composed of  an infinite record X that is sampled with finite window H)
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So Convolution in the time domain corresponds to multiplication in the frequency domain.

The Function
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is known as the frequency response (or admittance function) because it determines how a specific fourier component is modified as it is transformed from the input to the output

|H(w)| is the gain of the filter. Ideally it equals one in the pass band and zero in the stop band. However, this is never the case and the filter as a bandwidth—a 

Filters

Ideal Filters

H(w)=1 for w <= w cutoff

H(2)=0 for w > w cutoffa

Doesn’t exist.

We can filter in the time domain.

We can filter in the frequency domain.

However in both cases a sharp window will introduce ringing in the transformed spectra—so we want to taper the edges of the window.

Lowpass filter

Ylow=convolution (H X)

Y high = X-Ylow

Band pass would use two H filters and get difference between High and Low

General form of filters
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Recursive filters – g is non zero – they have a feed-back loop (if you look at the filter command in MATLAB you see that you have this option)

Recursive filters are typically non-symmetric and will introduce a frequency dependent phase shift

Non-Recursive filters g=0  are simple and do not introduce phase shifts.  They are probably the most popular in PO (for example I’ve never used a recursive filter---though there might be a reason why I might want to use one).

Simplest filter you could think of is the BOXCAR filter—or a running mean filter—
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The filter increasingly isolates the true mean of the signal as M increases.

However the filter has considerable contamination in the stop-band because of the large side lobes. This is because the box-car filter is a gate function and the Fourier transform of the gate function is the sinc function. So when if you had time series x and you filtered in with box car h the frequency content of the filtered record would be that of the unfiltered record times the sin function.
Supression of the side lobe requires longer window- which limits what frequencies pass through the filter and results in the loss of data at the ends of the record.

The filter that I use, and perhaps most popular among oceanographers  is the Lanczos window, which is a set of weights that average out the side lobe fluctuarions.

The Lanczos filter in the time-domain can be written as
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Where is the desired cut-off frequency of the filter (=2pi/P, P is cut off period), and  is 2pi/T where T is the length of the window. Ho is a weighting function such that the integral of h = 1.  Note that T must be longer than P and that the longer T is the more perfect the cutoff-frequency.

Show Examples 

fft_win.m 

test_filt
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