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ABSTRACT

Friction, the alongshore pressure gradient and time-dependent effects are all of lowest-order importance in
the dynamics of wind-driven fluctuating currents and sea levels on continental shelves. Previous work has shown
that when all these effects are included, the ocean response can be described by an infinite sum of coastal-
trapped waves whose amplitudes satisfy a fully coupled infinite set of forced, first-order wave equations. We
present a practical method for solving this coupled set of equations for general low-frequency, large-scale wind
stress forcing as input. Convergence properties of the solution are examined analytically. For the same accuracy,
more modes are required to describe alongshore currents than sea level and fewer modes are requxred to describe
barotropic than depth-dependent motion.

As an example, numerical calculations were carried out for a model of the West Florida Shelf. The sea level
field was effectively described by one mode but the alongshore velocity field was not. Seven modes were necessary
to represent the solution accurately. Decoupling the equations by setting off diagonal elements of the friction
coupling coefficients equal to zero significantly changed the alongshore velocity amplitude. For realistic parameter
values the Gill and Schumann frictionless alongshore velocity field and the Arrested-Topographic Wave alongshore
velocity field differed significantly from that of the more general case.
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1. Introduction

Scale analysis of the equations of motion applied to
wind-driven fluctuations at “weather” frequencies (2x/
few days to 2« /few weeks) on a continental shelf shows
that friction, the alongshore pressure gradient and time-
dependent effects are all of lowest-order importance to
the dynamics. Early theories of wind-driven fluctua-
tions on shelves either included the alongshore pressure
gradient and time dependence but added dissipational
effects in an ad hoc manner (Gill and Schumann,
1974; Gill and Clarke, 1974; Clarke, 1977) or neglected
time-dependent effects (Csanady, 1978). Brink and Al-
len (1978) and Brink (1982) showed that when all three
effects are included the forced coastal trapped wave
equations describing the inviscid shelf-water response
become coupled together. Brink and Allen (1978) and
Brink (1982) then used these equations to obtain results
for small friction and idealized wind forcing. We intend
to provide a practical method for solving the infinite
set of fully coupled equations for measured wind forc-
ing and realistic friction.

The next section establishes the infinite set of coupled
equations from first principles. While the infinite cou-
pled set has the same form as that described by Brink
(1982), expressions for the coupling coefficients differ.
A method of solution for the coupled problem is then
described and discussed in section 3. Convergence
properties are considered in section 4 and then a West

Florida Shelf example is considered in section 5. Con-
cluding remarks are presented in section 6.

2. Theory
a. Equations and boundary conditions

Following Clarke and Brink (1985), the field equa-
tion and boundary conditions for linear, large-scale,
low-frequency wind-driven flow over a continental
margin can be written in terms of p, the pressure per-
turbation due to the motion, as

pm+f2(p”) =0, @2.1)
P+ 4 fpy = %y at x=b, (2.2a)
p.=0 at z=0, (2.2b)
f;ﬂ" + Be(Dx + JDy) + (IDx)x — hxtpiz = 0
at z=-h, (2.2¢)
Px—0 as x— oo. (2.2d)

In these equations x, y, z, t, N, fand 77 refer, re-
spectively, to distance seaward of and perpendicular
to the straight coast at x = 0, distance alongshore, dis-
tance vertically upward from the ocean surface, time,

1013

© 1986 American Meteorological Society



1014

the buoyancy frequency, the Coriolis parameter and
the alongshorg component of the wind stress. The water
depth h(x) increases monotonically until the constant-
depth sea region begins. The parameter r is the usual
friction coefficient and is defined from the equation

78’ = porvp (2.3)

where 75" is the y component of the bottom stress, po
is the mean water density and vp is the alongshore
component of velocity at the bottom. In (2.2a), x = b
corresponds to a depth equal to three times the Ekman
layer e-folding decay scale 8. Equation (2.2a) is equiv-
alent to the condition that the depth integrated velocity
perpendicular to the shore vanishes at x = b (Mitchum
and Clarke, 1986a).

b. Analysis
Let
M = (%)i + (1%)1( 2.4)
v=il ikl @.5)
ox 0z )

where i and k are unit vectors in the direction of in-
creasing x and z respectively. In terms of M, the field
equation and boundary conditions can be written

V-M, =0, (2.6)
nM,=0 on z=0, (2.7a)
y

n-M, = ?+%’J:_h at x=b, (2.7b)

hyr

neM. = [ + (h)? _ml: 5Py , (Px)x _ hx xz]

[1 + ()] I; 7 Iz
at z=—hx) (2.7c)
Dx—0 as x— (2.7d)

where n is the unit outward vector to the boundary T
defined by x = b, z = 0, x = o0 and z = —A(x).

The frictionless free-wave coastal trapped eigen-
function problem corresponding to (2.6) and (2.7) is
(Clarke, 1977):

V:B=0, (2.8)
nB=0 on z=0, (2.9a)
(n:-B)c = lj—[: on x=b, (2.9b)
_ 21-1/2 F = —
(n-B)c = h [l + (h)] 7 on z=-h, (290c)
F,—0 a x— (2.9d)
where
B= E i+ L k (2.9¢)
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and F and c are the eigenfunction and eigenvalue of
the problem.
From (2.6) and (2.8) we have the identity

oM

v irF =

( 7ot

where the subscript j refers to the jth mode. By the
divergence theorem, this equation can be written

oM
frn-(Fj? —p,B;)ds =0

Use of the boundary conditions (2.7) and (2.9) in (2.10)
then results in

mwx 1’ _p
f =bF’[p y TN cj]ds

(rpx)x  AsTDx: hxp})
[, 2 et
i Dy 7 7 G

X1+ )1 Pds =0 (2.11)

(2.10)

or, more explicitly,

0 0 : -1
[ l5e=8)] e+ Lo [#5] 2
—h(b) CiJ dx=p —h(b) h x=b
[ o2
b G z=—h(x)

o d
+ fb Fior, —h) ~— {rpalox, —hCON) fix

(» 1)
(f Fi(b, )d) Wby
Since the eigenfunctions F;(x, z) form a complete set
of functions, we may write

(2.12)

= 2 Fi(x, 2)¢:«(», 0). (2.13)

i=1

Substitution of this expression for p into (2.12) and
use of the orthogonality property of the eigenfunctions
(Clarke, 1977) implies that the ¢; must satisfy

1a¢, a¢} .
¢ ot T dy M ,_21 ay¢: = b(y, 1) (2.14)

where
b= h(b)f Fj(b, z)dz/D;, (2.15)

d »
a.~,-=D,-'[ f,, Fy(, =) o [Fulx, B dx

0
+ f [F,-rFixf“h“’]dez] (2.16)
~ J-np
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and

0 o )
Dj = J‘—h(b) [(Fj)Z]x=bdz + J; [(Fj) ]z=—h(x)hxdx- (217)

The eigenfunctions are determined up to an arbitrary
multiplicative constant and it is customary to nor-
malize F; so that D; = 1. Because hdx = dh, (2.17)
then implies that F; has the dimension (depth)/2. We
prefer to make F; dimensionless and choose the arbi-
trary constant so that F;(b, 0) = 1. Then D; has the
dimensions of depth and the “amplitude” ¢; in (2.13)
has the same dimension as p.

Note that in obtaining (2.14) it appears at first sight
that we used

d Jd 2
o {r[é; (El Fi(x, 2)pi(y, t))]F_h(x)}

-~ daf[ oF
= o010 dx[’ iy, .h(x)]]. 2.18)

Such an exchange of differentiation and infinite sum-
mation is only possible if the resultant infinite series
on the right-hand side of (2.18) is uniformly conver-
gent. We will see later that this is not always the case.
Consequently, we point out that (2.14) can be obtained
under the milder assumption

a oo o0
p [E Fi¢il = 2 Fiudhs. (2.19)

i=1

To see this, observe that the last integral on the left-
hand side of (2.12) can be integrated by parts to give

© d
fb Fy(x, —h) = {rpalx, —hOON}fx

=l = [ S e

z==h

d
X7 {Filx, —h(x)]}dx (2.20)

so that we need only (2.19) to proceed to (2.14). The
a;; obtained by this approach are the same as (2.16) as
can be seen by reversing the integration-by-parts pro-
cess with F; now replacing p.

Clarke (1977) obtained (2.14) in the frictionless case
(a;; all zero). Brink (1982) obtained (2.14) by a slightly
different approach and different coefficients a; resulted.
In the limit that the bottom boundary layer thickness
is negligible compared to interior vertical scales, Brink’s
expression for a;; is effectively (2.16) with, in our no-
tation, an extra term

-D;! f,, o FixFje)em-ohxdx
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on the right-hand side. This term vanishes in the baro-
tropic case but not in the baroclinic.! The discrepancy
in the a;; result appears to arise because in Brink’s vor-
ticity equation (see Eq. 2.10a of his paper) the Ekman
layer is apparently over-prescribed and the pressure
field is consequently forced to adjust over the boundary
layer scale. In our formulation, based on Clarke and
Brink (1985), boundary layer dynamics are automat-
ically taken into account in the boundary conditions.

3. Method of solution

Once the solution (2.13) has been obtained, it is pos-
sible to estimate commonly measured quantities, e.g.,
alongshore velocity

o0

Px g,
f ’=zl lef ¢1'

Therefore, in order to obtain estimates of measurable
quantities, all we need to do is to obtain the inviscid
eigenfunctions F; and the amplitude functions ¢;. The
F; can be obtained by resonance iteration (Wang and
Mooers, 1976; Brink, 1982) and the ¢; can be obtained
by using the technique described as follows.

v= 3.1

a. Calculation of the ¢;

By (2.14), we need to solve the equation

1 (e o]
s ¢j + byt ayd; = biv(y, ) — 2 aydi.  (3.2)
’ o
Since long coastal trapped waves travel in only one
direction along a coastline for monotonic 4(x) (Clarke,
1977), (3.2) must be subject to a boundary condition
at some starting position y = 0. Mathematically,

3.3)

Note that by our choice of axes, the waves travel in
the negative y-direction in the Northern Hemisphere
and the positive y-direction in the Southern Hemi-
sphere. This means that in what follows, ¢; > 0, Ay
< 0 and g; < 0 in the Northern Hemisphere and ¢;
<0, Ay > 0 and a;; > 0 in the Southern Hemisphere.
The problem defined by (3.2) subject to (3.3) is
solved by characteristics. Along the characteristic ¢

= t;(y) defined by
dy 1

dy gy’

¢;(0, 1) = known function.

34)

! Numerical differences are negligible for near-barotropic conditions
S < 0.1 (Brink’s notation). For larger S, Brink’s values of a;, can be
different by as much as 26% in reasonable examples. For higher modes,
the discrepancy can be greater (100%). Brink’s conclusion that in-
creased stratification decreases wave damping remains true.
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(3.2) can be written

49

dy (3.5)

+ ag(»)¢; = Gi(y, t(»)

where

I .

Gi(y, () = bi(M*(», ) — 2 ai()ei(y, 1).  (3.6)

s

In (3.2) observe that ¢;, a; and b; have been taken to
~ be functions of y. This y-variation is induced by allow-

ing variations in bottom topography and N? alongshore
in the same way as done by Gill and Schumann (1974)
and Gill and Clarke (1974). Note also that in (3.6) the
sum in the last term is finite instead of infinite. A guide
to how large M has to be will be given by convergence

criteria discussed in the next section.
Equation (3.5) may also be written

d
& {8ily, 5OMEM} = Gi(», LOME(Y)  (3.7)
where E(y) is the integfating factor
y . ’
g = el [ anav]. 6
“Integration of (3.7) from y — Ay to y gives
63, 4()) = ¢ily — Ay, t;(y — AVIE(Y — AY)/E(Y)
A y
+ f Gi(yx, LVR)EV)/E(V)dys.  (3.9)
y—A4ay

In (3.9), by (3.4) and the boundary condition #(y) = ¢
Y dy«
o=+ [ 2
i) v (%)

For small Ay (3.9) and (3.10) can be reduced, by the
trapezoidal rule of integration to

¢i(y, 0) = ¢ily — Ay, t;(y — AY)}

' A
x exp[— 20,00+ a4ty - Ay)]]

(3.10

+ {Gj(y, )+ Gily— Ay, ti(y — Ap)]

A A
X exp[— 7y lay(») + ay(y — Ay)]]} 7y 3.11)

where

Ay 1
Ly—Ay)y=t+—

. (3.12
2 [cj(y)+cj(y—Ay):| 312

Using (3.6) enables (3.11) to be written as the matrix

equation
Ay _
¢(I + K > ) =q.

(3.13)
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In (3.1‘3) ¢ is a row vector with elements ¢;(y, ), | is
the M X M identity matrix, q is the row vector with
elements g; given by

A
4= bOPGD S + 6l = Ay, 4y~ AY)]
R |
x exp| - L (a0) + a0y~ a1]
+ {Gj[y — Ay, 1i(y — &)l

A .
X exp[— —ZJ—) [a;(y) + ay(y — Ay)]]} %), (3.14)

and K is the matrix with elements

— 0’
|

= Qy,

i=j
. (3.15)
i#]J.

The integration interval Ay is to be very small com-
pared to the dissipation scales (a;)~' and so KAy/2 is
a matrix with elements that are very small compared
with one. Hence, within a small error K*(Ay)*/4,

o] (<)

and consequently

Y PR
d>—q(I Kz).

Equation (3.17) indicates that if ¢;,[ y — Ay, t;(y — Ay)]
is known then ¢;(y, f) may be calculated. Since ¢; is
known at y = 0, we can therefore calculate ¢ at y = Ay,
then use the ¢ results at y = Ay in q to calculate ¢ at
y = 2Ay, etc. In this manner, ¢ can be found at all grid
points on the y-axis.

(3.16)

3.17)

b. Practical application of the method for finding ¢;
l) THE WIND STRESS FIELD

The wind stress field 77(y, 1) is approximated by a
number of locations along the real coast using linear
interpolation.

2) THE BOUNDARY CONDITION AT y = 0

For the integration to be carried oﬁt, ¢ must be
known at y = 0. There are at least three possible ways
to take this boundary condition into account.

(i) Far enough away from the location y = y, of
interest, ¢(0, ¢) may be taken to be zero (Gill and
Clarke, 1974; Gill and Schumann, 1974; Clarke, 1977,
Battisti and Hickey, 1984). Such an approximation is
reasonable if either
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1) no significant forcing occurs in the region from
where the free waves would have propagated to y = 0
(y>0in Fig. 1); or

2) |0l is significantly greater than the damping scale
for the least damped coastally trapped wave mode
(la;yol large enough for all j).

(i1) If adequate measurements are available at the
given coastal section y = 0, ¢ can be found by a least-
squares fit of (say) the alongshore current measure-

ments to
v =f_l z ij¢j
J

so that the ¢;(0, 7) are determined. This procedure was
used in the Australian Coastal Experiment (Church et
al., 1986).

(iii) If only coastal sea level is known at y = 0 and
one chooses not to use (i), then since the coastal ad-
Jjusted sea level 5 is usually dominated by the first mode
we can write

"(ba Oa t) = po_lg-lp(b: 0, 09 t)

~ po g 'Fi(b, 0)$,(0, 1)

(3.18)

FLORIDA

200 km

FIG. 1. The West Florida Shelf and the borders of the model. The
y axis points roughly southeastward and parallel to x = b. The tick
marks on the southern border correspond to b + 50 km and b + 100
km; those on the western border to y = —300 km and y = —600 km.
Model water depth increases linearly from 22.5m at x = bto 80 m
at x = b + 100 km. The southern end of the model is closed because
no energy enters through this end. Energy leaves unhindered through
the northern end.
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where py is the mean water density. Thus ¢ at y = 0 is
estimated as

¢j(0’ t) = Pog‘ﬂ(b, O, t) for .’ =1
=0 for j#1 (3.19)

where we have used Fi(b, 0) = 1. Note that although
mode one may dominate the coastal pressure, several
modes may contribute to alongshore velocity and (3.19)
would thus introduce a possibly significant error by
assuming ¢; = 0 for j = 2. However, in some cases the
higher-mode energy flux entering y = 0 is small enough
that the approximation (3.19) does not introduce se-
rious error (Mitchum and Clarke, 1986b).

3) RESTRICTIONS ON Ay AND THE TIME INTERVAL
OF INTEGRATION At

Another necessary detail in applying the method is
that there are some restrictions on Ay and the wind-
stress time series interval Az. One restriction is that we
must integrate slowly enough so that we resolve the
slowest propagating wave, i.e.,

Ay .

Af < mjmc, Cum- (3.20)
A second restriction is that the trapezoidal rule must
do an adequate job in approximating the integral in
(3.9). An estimate of the relative error in using the
trapezoidal rule is

2 Ay)3
(maxxmum dd2 [Gi(px, t,(y*))E(y*)])( 2 /

y—Ay<yesy 12
(a; )Z(Ay)2
12

Since a;; increases with increasing j (see section 4), Ay
must be chosen small enough so that

(aMM)z(Ay)z
12

A final restriction is that the error in getting (3.17)
must be small, i.e.,

[ 6 5By ~

<1 (3.21)

2 ktm km; 4

m=1

max (3.22)

5]

In the West Florida Shelf example given in section 5,
conditions (3.20)—(3.22) could all be met with Az = 10.9
h and Ay = 600 m.

4) SPINUP TIME

Since any practical wind-stress time series is of finite
length, in applying the model it is necessary that the
wind-stress forcing be suddenly started at a certain time.
It is useful, therefore, to know the “spinup” time, i.e.,
the time it takes the model to “forget” that the wind
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stress started abruptly. In the frictionless case this ad-
justment time is the time taken for the slowest mode
(mode M) to travel from y = 0 to the observing section
¥ = yo. When friction is present, however, higher modes
are usually damped strongly enough that signals leaving

y = 0 never reach y = yj,. In this case we would expect

the spinup time to be the maximum time taken (over
all modes j) for mode j to travel its damping scale dis-
tance |g;|™!, i.e., a time max{(—c;a;)"'}. This may
be seen mathematically from (3.2) and (3.6). Since ¢,
and a;; increase like j or j?* for large j (see section 4),
(3.2) can be simplified to

0¢;
= = gaye; = —¢;Gi(, 1)

o (3.23)

This equation can be integrated from some starting
time ¢, to a general time ¢ to get

801 = $(0. 1) expl-ciay(t = 1]
- c”ft Gi(, te) expl—c;ay(ts — Dldts. (3.24)

Since —c;a; > 0, mode j does not “remember” the
initial condition at time ¢; provided ¢ — ¢, is several
times the mode j e-folding spin-up time, (—cjaj,-)“. This
implies that model predictions will only be accurate
several times

max((~¢a;)"!

after the start of the wind-forcing. Estimation of the
spin-up time in the limiting barotropic and purely
baroclinic cases will be discussed in section 4.

4. Convergence properties

To investigate convergence properties of the solu-
tion, we will examine solutions for the limiting cases
of barotropic flow and purely baroclinic flow and then
discuss the more general case.

a. Convergence properties in the barotropic case

Clarke and Brink (1985) have shown that at weath-
erband frequencies (2n/few days to 2w/few weeks),
wind-driven motions on continental shelves are baro-
tropic, confined to the shelf and satisfy a condition of
zero pressure at the shelf edge if '

N s aS

/

In (4.1) Ny and o, refer to shelf-averaged buoyancy fre-
quency and shelf-averaged bottom slope respectively.
Thus in the limit described by (4.1), the long coastal-
trapped wave eigenfunctions are independent of z and
satisfy the Sturm-Liouville problem

<1 4.1)
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/ hF,  uh.F
ot ==+ =2 =0, 4.2
F, P 7 0 4.2)
F,+uF=0 at x=0b, (4.3a)
F=0 at x=aq, (4.3b)

where x = g denotes the edge of the shelf and

I
L==.
c

(4.3¢c)

To analyze solution properties in the barotropic case,
we need to know the properties of the eigenfunctions
Fj(x) and eigenvalues ¢; for large mode number j. A
WKB analysis in appendix A shows that

F() = (b {(hh)"*Lems sin{(j — DrTT5™)
X {1+0[(— 1"} (4.4a)

2
G = U{_T# {1+0[(j—- 1} (4.4b)
where . 2
(x) = — J; (fll—f) dx (4.5a)
T, = T(b). (4.5b)

Note that asymptotically F;(b) = 0 and so we cannot
choose F;(b) = 1 in this particular case. However, in
the same spirit as the discussion following (2.17), Fj(x)
in (4.4a) is dimensionless and O(1). The properties of
the coefficients in the barotropic case are derived in
appendix A and are displayed in Table 1.

Note that the barotropic case is surprising because
the phase speed ¢; ~ j -2 rather than the j~! dependence
expected in the general case (Clarke, 1977). This ap-
parent contradiction can be resolved by noting that for
large mode number j, the barotropic approximation
breaks down. This can be seen from the perturbation
analysis of Clarke (1976) which shows that coastal-
trapped wave eigenfunctions must satisfy

F}xxf_z —h
F;

J

1> zN*(z)dz

to be barotropic. Since, for large enough j,

—h

ZN*(2)dz
0

~

2l - vy,

Fuef 2
Fj

—h
XJ; zNH(2)dz{1 + O[(j — 1)'1},

the barotropic eigenfunctions eventually become
baroclinic. Consequently the general result ¢; ~ j ! for
large enough j is not violated. Note, however, that since
shelf motion is barotropic under (4.1), the baroclinic
modes effectively do not make a significant contribu--
tion to the response and the large-j asymptotic analysis
of the barotropic modes is therefore appropriate.
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TABLE 1. Asymptotic results for the eigenfunctions, eigenvalues and various parameters in the barotropic case.
Note that F;(x) is dimensionless and O(1).

Fi(x), large j
¢, large j

D;, large j

b, any j of(j— N1
ay;, large j
ol — 1)1
ol — ']

ay, fixed i large j
ay, fixed j, large i

—lacl™

(h ) [k ) ems sin{(j ~ D TT,7'}{1 + O[G — 7'}
(=0T + 03~ 17
$(h) L T{1 + Ol — D71}

—(j = P T3 rhy PR P)dx){1 + O — 1)7']}

T r(h)2h->dx)y™ {1 + OIG — 1))

From the results in Table 1 we have that the left-
hand side of Eq. (3.2) is of order [(j — 1)*]¢;. The right-
hand side is O[(j — 1)™'] provided the infinite sum is
convergent [verifiable a posteriori using Table 1 and
(4.6a)]. Thus,

¢ =0G -1~ (4.6a)

p = Fi¢; = O{(j— D sin[T(j — DaTy™']}  (4.6b)

o =2 =2Eg = O{(j~ 1% cos[T( — Da T3]}
(4.6¢)

The preceding results indicate that fewer modes should
be necessary to describe pressure (and hence coastal
sea level) than alongshore currents. This has also been
pointed out in less general circumstances by Hsieh
(1982). It is straightforward to use (4.6) to verify that
the infinite sum expressions for v and p are uniformly
convergent. Since v is uniformly convergent, Eq. (2.19),
which we needed earlier, is valid.

Finally, we note from Table 1 that the e-folding
spinup time in the barotropic case for mode j is

(—-aj,-c,-)“

= ([ eormnmnae) ([ rnormioras)

X{1+O0[(G—1D'}. @47
Since this spinup time is independent of j (at lowest
order) and (4.7) is correct in order of magnitude for
even low mode numbers j (see the West Florida Shelf
example in Table 3), the right-hand side of (4.7) is a
good estimate of the model barotropic spinup time.

In the case that the shelf slope and r are independent
of x, (4.7) can be simplified to

(—aze)™" = r ' [h@hB)]'2{1 + O[(j — 1)7']}. (4.8a)

Since A(b) = 36 and r = f'8/2, (4.8a) can also be written
in the form

3h(a)

172
(—ay¢) ' = 2f“'(T) {1+ O[(j— 1)7']}. (4.8b)

b. Convergence properties in the purely baroclinic case

For |[Nh.f~!| > 1, Chapman and Hendershott (1982)
showed that coastal trapped waves behave like internal
Kelvin waves. Under the more restrictive condition
|NA.f~!| > 1 coastal-trapped waves do in fact reduce
to coastal internal Kelvin waves with eigenfunctions
of the form

Fj(x, 2) = exp[—f(x — b)¢,'IR(2).  (4.9)

The eigenfunctions R;(z) and eigenvalues ¢; are found
by solving the Sturm-Liouville system

R, R
() + -0

R,=0 on z=0,—-H

(4.10a)

(4.10b, ¢)

where H is the water depth in the constant-depth deep
sea region. [That the Kelvin wave solution defined by
(4.9) and (4.10) does solve the general eigenvalue prob-
lem (2.8) and (2.9) in the limit [NA,f~'| > 1 can be
verified by direct substitution. The field equation and
all boundary conditions except the bottom boundary
condition are satisfied exactly. The latter condition is
satisfied with relative error N4, 'f < 1 because (4.10a)
shows that R,R™! ~ N/c.]

The solution defined above can be used to find the
baroclinic asymptotic results. A WKB analysis in ap-
pendix B shows that

R;(z) = constant N'/ cos[%ﬁ:] (1+03GG™) @11
H

¢ =—Syj 'x7'[1 + O 4] (4.12)
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¢ = —Suj~'=7'[1 + O(j™]
where
S=380) = J; Ndz, (4.13a)
Sy = S(—H). (4.13b)

In Table 2 the constant in (4.11) is chosen so that F;(b,
0) = 1. These results and the other asymptotic results

* . in Table 2 are discussed in appendix B.

In a similar fashion to the barotropic case, we can
deduce, using Table 2 results and Eq. (3.2), that for
large j

o ~ 72 sin(j8), (4.14a)
: NG,
p; = F;¢; ~ j~% sin(j6) cos(-%)[exp(m—xﬁ)]
Sy Sy
(4.14b)
Dix - 1oy s Sj
v = —}— = [ Fp; ~ j~! sin(j8) cos(S—H)

X [exp(i%:—l?)-)]j. (4.14c)

As in the barotropic case, the results indicate that pres-
sure converges more rapidly than alongshore velocity
implying that fewer modes should be necessary to de-
scribe coastal sea level than alongshore currents. By
standard analysis it is very possible to verify that v
= p.f~! is uniformly convergent and therefore that
(2.19) is valid. Note, however, that at x = b, the right-
hand side of (2.18) is not convergent. This is the mo-
tivation for taking space in section 2 to explain how
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(2.19) rather than (2.18) can be used in deriving the
theoretical results.

A comparison of the barotropic and baroclinic re-
sults for p; and v; indicates that more terms are needed
to obtain the p and v fields in the baroclinic case. At
x = b, the convergence in the baroclinic case is, in fact,
very slow because for small or even moderate j, jo is
small enough that

J 7! sin(j8) = 6. (4.15)

By (4.14c¢) this means that the alongshore velocity v
will not really be convergent until (4.16) begins to break
down. For constant N(z), 8, which is defined in Table
2, can be simplified to

1
—_ -1
0 = wh(b)H 4
for the representative values A(b) = 30 m, H = 4 km.
Taking the number j of modes necessary for v to be
convergent to be defined by j# = n/2, more than 67
modes are necessary in the case of constant N, |[NA, f !
> 1. More typically, for exponentially decaying N and
reasonable parameter values, about 30 modes are nec-
essary.
Along with the above very slow convergence, we -
should keep in mind that convergence seaward of x
= b is much faster. This is due to the factor

{explaf(x — b)Sy'1}

in (4.14b) and (4.14c). For example, it takes only 3
modes for the p and v fields to converge within 10%
at a distance 1 lc, /f| from x = b.

From Table 2 the spinup time (—c,al,)‘ for mode j
is, for the limit j — oo,

4.16)

TABLE 2. Asymptotic results for the exgenfuncnons eigenvalues and various parameters m the purely baroclinic case. The parameters 9,

No and N are defined by 8 = 7S(—h(b))/Si, No = N(0) and N = depth averaged N(z) = H~ _]0

Ndz. In estimating ay, a; and —[a;;c]™" it

was assumed, for simplicity, that N(—h(b)) = N, and S(—h(b)) = —h(b)N,.

Fj(x, 2), large j

N'2Ny™12 exp[—f(x — b)/c]) cos(Sjx/Sy)[1 + OG™)]

~S1 4+ o) = M 11 + oG]
jx Jjm

—¢™ sin’(B)r(by/h(B)1 + OG™)] = — ¢ 267! sin’(6)f11 + OG ™)

¢, largej °
D, large j — 2 N 'S(=h@®)I1 + OG™)]

. sm()B) 12 ~172, 1 1
b;, large j —— {2No"*[N(~ h(b))] [HB)'}H1 + O]
s ay;, large j
a;, fixed i, large j  —2f" sm(,o)

ay, fixed j, large i

—1
—la;¢

{hx ! dx[ = ® h(x))] W' & h(x))}x_bll +00U™]

¢ cos(ib)r(b)F;(b, —h(b)D;'[1 + OG ™)

[h(b) +3 Ghdb) f“] / {r(b)[sinz(ja) +3iTe sin(2j0)] + 3 b f "}[1 +0(™]
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h(b)

L o A, =1/ N2
r(b) sin’(j6) 6/~ (sin0)

HoWever, by the analysis in the previous paragraph,

the response is dominated by the first 30 or so modes

and for these modes the O(j") terms in the formula
for (—cja;)™" in Table 2 cannot be neglected. Thus the
spinup time for the modes that really matter is a com-
plicated function of j. Using realistic parameter values
and Nh.f~' = 10 gives modal spinup times between
several days and a few months. This means that the
model spinup time in the purely baroclinic case is much
longer than in the barotropic case.

¢. The intermediate case

Many wide continental shelves satisfy the condition
INA,.f!| < 1 over the shelf and the theory of section
4a can be used. For almost all the remaining conti-
nental shelves, however, neither the limiting case of
section 4a (|NA.f ~!| < 1 on the shelf) nor the limiting
case of section 4b (|Nh.f~!| > 1 over the shelf and
slope) is applicable. For example, for Australia’s narrow
southeastern continental margin in the Australian
Coastal Experiment region |[NA,f ~!| averages 0.77 on
the shelf and 2.3 on the continental slope. For these
intermediate cases, the two-dimensional eigenfunctions
Fj(x, z) and eigenvalues ¢; must be obtained numeri-
cally and asymptotic results for v; and p; are therefore
not readily available.

Although we cannot establish convergence in general
in the intermediate case, it is to be expected from phys-
ical grounds and the fact that convergence occurs in
the two limiting cases. Given that convergence occurs,
a problem still exists since it is not completely clear
how many modes need to be included to approximate
the solution adequately. Battisti and Hickey (1984)
present calculations suggesting that mode 1 can quan-
titatively describe coastal sea level at coastal stations
on the Oregon and Washington shelves (an interme-
diate case). However, consistent with our finding that
more modes are necessary to describe currents than
pressure, Battisti and Hickey found that currents were
not so well described by the single first mode. In an
inviscid intermediate case calculation for the Australian
Coastal Experiment Region, Clarke and Thompson
(1984) established convergence for non-nearshore
pressure and alongshore velocity using the first five
modes. Clarke and Thompson’s method for establish-
ing convergence cannot easily be applied in other cases,
however.

One general way to test for convergence is to test
how accurately the field equations and boundary con-
ditions (2.1) and (2.2) are satisfied by the finite-sum
approximation to the solution (2.13), viz.,
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M
p= 2 Fix, 2)¢;(», ). 4.17)
=1

i=

The properties of the Fj(x, z) imply that the field equa-
tion and all boundary conditions except (2.2a) and
(2.2¢) are automatically satisfied by the finite solution.
In terms of ¢;, the boundary conditions (2.2a) and
(2.2¢), using (4.17), (2.9b), (2.9¢c) and (3.2), can be
written

M M ;M
[2 Fibyr’ — 2 aj¢i) — 7 > Fjd’j/cj]
j=1 i=1 j=1 x=b
Ty
= e @1

M M M
{2 hfoj(bjTy - E aij¢i) + Z [(rEix)x
j=1 i=1 j=t

j=
= hyr. F}'xz]¢j}z=—h(x) = GM(Z)- 4.19)

For appropriate convergence, we thus just need to take
M large enough to reduce |ex"| and |ex®| to be smaller
than the necessary error level.

5. An example
a. Background

A simple West Florida Shelf example will be used
here to illustrate the model and indicate some of its
properties. A comparison of the Clarke and Van Gorder
model with actual West Florida Shelf observations us-
ing measured wind data as input is given by Mitchum
and Clarke (1986b).

The West Florida Shelf (see Fig. 1) is very wide and
shallow. Strongest wind driven currents occur in the
wintertime. For this season N, the average buoyancy
frequency on the shelf, is 107> s™!. Using the represen-
tative values o, = 5.75 X 10™* and f= 6.6 X 10> we
have

Niois
5.1
7 (5.1

From (5.1) and the results of Clarke and Brink (1985),
the eigenfunctions are independent of z and therefore
satisfy (4.2) and (4.3).

The wind stress in the winter time consists largely
of weather systems that propagate southward along the
shelf. For simplicity, we model this by

=87X 103 «1.

™(y, ) = 1o’ cos(ly + wi)

with w//=-10ms'and w = 107> 57",

Mitchum and Clarke (1986b) found that current and
sea level fluctuations on the West Florida Shelf were
mainly driven by winds blowing over the West Florida
Shelf, i.e., that the energy flux entering around the

(5.2)
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Florida Keys was small. In our simple model, we will
ignore the energy flux at the Florida Keys (y = 0) and
consequently put

¢;0,7) =0 forallj. (5.3)

Note that our x-axis points outward from the coast
along the Keys so if we define L to be the alongshore
distance from the closed to open end of the “box,”
then the region of interestis “* L < y<0,b<x < a.
Although the model permits slow variation of pa-
rameters alongshore, for simplicity we took a, b, h(a)
and A(b) to be constant. Appropriate values for a — b,
h(a), h(b) and L were found to be 100 km, 80 m, 22.5

m and 600 km. The value for A(b) was based on A(b)

= 36 and the estimates of 6 by Mitchum and Sturges
(1982) and Marmorino (1983). Here r= f6/2, and the
shelf bottom slope A, were taken to be constant and
equal t0 2.48 X 107 m s™! and 5.75 X 107, respec-
tively. Under the approximation that the shelf slope is
constant, the eigenfunctions Fj(x) have the Bessel
Function form

F;(x) = constant [Jo(£)Yo(£2) — Yo(£)Jo(2)]

(5.4a)

where Jp and Y, are zero-order Bessel Functions and

£=E8x)=2(fx;)?, &= Eb), & = Ha). (5.4b)

Table 3 shows the parameter values ¢;, bj, (—aj;c;)™
and qj; calculated using (5.4) and (A12)-(A15) of ap-
pendix A.

The ¢; were calculated using the method of section
3 and (5.2) with Af = 10.9 hours and Ay = 600 m. We
used 7 modes in the calculations. This gave (root mean
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squared e,[")/(root mean squared 77/A(b)) ~ 0.03 to
0.04 [see (4.18)].

A number of sea level and velocity calculations were
carried out and these are summarized by Figs. 2-11.
In all of the figures ‘phase’ refers to the phase in degrees
that the sea level or velocity field lags the wind stress

aty =0.

b. Results of the fully coupled calculation

As predicted by the asymptotics discussed in section
4, for the same accuracy, more modes were necessary
to describe alongshore currents than sea level (7 com-
pared with 4). ,

1) THE SEA LEVEL FIELD

The sea level amplitude field (see Fig. 2a) shows a
monotonic increase northward and a monotonic de-
crease offshore. The phase (see Fig. 2b) decreases to-
ward the north indicating northward phase propaga-
tion. Phase differences along x = b are negligible. These
properties are also found at realistic higher (v = 1.6
X 107% s7') and lower (v = 4 X 107 s7') frequencies.

The sea level field is dominated by the first mode
(see Figs. 2a and 4). Mitchum and Clarke (1986b) found
this result to be true for more realistic forcing and were
able to interpret the sea level field as being largely due
to the sum of a forced and free wave which cancel at
the Keys.

Observe that sea level phase is everywhere approx-
imately 180° out of phase with the wind stress at y
= 0. To see why this should be so, consider the depth-
integrated y-momentum equation in “deep” water
x=zb:

TABLE 3. The coefficients ¢;, b;, (—a;;¢;)™" and a;; for the West Florida Shelf model dlscussed in section 5 of the text for the first 7 modes.
Asymptotxc values using Table 1 results are shown in brackets. The a; are in units of m~' when multiplied by 1075, The constant in (5.42)
is chosen so that D; has the same value as in the asymptotic case, viz., $[(#,)"*]=sT; = 19.926 m.

) ¢ b —(a;6)™" :

J (ms™) (m™) (days) ay; a; asj ay; as; as; ayj

1 5.471 .0357 2.18 -0.971 —-1.007 -0.349 -0.375 -0.175 -0.225 -0.116

(00) (1.98) ©) .

2 0.621 0219 1.83 —-1.007 —10.213 —5.144 —1.877 —1.731 —-0.944 ~1.042
(0.821) (1.98) (—7.106)

3 0.189 0131 1.91 —0.349 -5.144 —31.968 —12.486 —4.099 —3.569 ~-1.900
(0.205) (1.98) (—28.424)

4 0.088 0091 1.94 -0.375 —-1.877 —12.486 —67.616 —23.293 —7.085 -5.895
(0.091) (1.98) (—63.954)

5 0.050 0069 1.97 -0.175 -1.731 —4.099 —23.293 ~117.40 -37.650 -10.879
(0.051) (1.98) (—113.70)

6 0.032 0056 1.97 —0.225 —0.944 -3.569 —17.085 —37.650 —181.38 ~55.572
(0.033) (1.98) (—177.65)

) 0.023 0047 1.98 -0.116 ~-1.042 —1.900 -5.895 —10.879 -~55.572 —259.56
(0.023) (1.98) i (—0.492) (—255.82)
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FIG. 2. (a) Amplitude (in ¢cm) and (b) phase (in deg) of the sea
level response to the idealized forcing given by Eq. (5.2) for the stan-
dard fully coupled case. For contour clarity the cross-shelf scale has
been made one half of the alongshelf scale. Tick marks on the rectangle
correspond to those in Fig. 1. The amplitude contour interval is 1
cm. Phase is not shown when the amplitude is less than 1 cm.

y
hv, + hfu + hgy, = ::;- - r. (5.5)
0

At x = b the transport hAu perpendicular to the coast
vanishes (Mitchum and Clarke, 1986a) giving an equa-
tion equivalent to (2.2a). At y = 0, v is also zero so at
x = b, y = 0 we have the balance

TY
8 = ooh(B)

For distances y small compared to the scale of the wind
we may thus write

(5.6)

9 = y("y)y=0
pogh(b)

Solutions of this form for a semi-infinite shelf have
been obtained previously by Clarke and Thompson
(1984) and Mitchum and Clarke (1986a). Since y <0
and the alongshore scale of the wind stress is larger
than the length L of the shelf, we expect the x = b sea
level to be approximately 180° out of phase with the
wind stress and to increase in amplitude to the north.
Seaward of x = b this result still holds because the
response is dominated by mode 1 which has no zeros
cross-shelf.

;.7
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FIG. 3. Alongshore velocity (a) amplitude (in cm s™") and (b) phase
(in deg) for the standard fully coupled case. Tick marks and rectangle
scales are as described in Fig. 2. The amplitude contour interval is 2
cm s~\. Phase is not shown when the amplitude is less than 2 cm 57",

2) THE ALONGSHORE VELOCITY FIELD

The alongshore-velocity amplitude field (see Fig. 3a)
shows a monotonic decrease in amplitude offshore and
a monotonic increase northward. Most of the variance
of the current is shoreward of the 50-m isobath which
is roughly halfway between x = b and x = b + 100
km. The alongshore-velocity phase field indicates vari-
able propagation behavior. Nearshore propagation is
southward and offshore propagation is northward. In
contrast to the sea level field, the velocity field is not
dominated by the first mode, especially nearshore
(compare Figs. 3a and 3b with Fig. 5).

-3

?7 /

s kod
/ :.:
|-b+50 g
2
=

b+100

- 6& -ado o
kilometers

FIG. 4. Sea level amplitude response as in Fig. 2a except that only
the first mode was used in the calculation. Phase is not shown since
it was everywhere within nine degrees of 180°.
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FIG. 5. Alongshore-velocity amplitude response as in Fig. 3a except
that only one mode was used in the calculation. The alongshore
velocity phase is not shown since it is everywhere within nine degrees
of zero. The contour interval is 2 cm s™'.

Note that although the velocity field phase is variable,
over most of the region the velocity is nearly in phase
with the wind stress. This in-phase relationship and the
amplitude increase to the north are consistent with
geostrophic balance, p = 0 at the shelf edge and the
above discussion about sea level.

¢. The decoupled case

How important is the scattering caused by friction?
To test this, we carried out the calculations for exactly
the same basic parameters as in section 5b but with
decoupled equations, i.e., we put

(5.8)

The sea level field (see Fig. 6) and the alongshore ve-
locity field (see Fig. 7) are very similar qualitatively to
the coupled case (see Figs. 2 and 3). The major quan-
titative difference occurs in the results for alongshore
velocity amplitude which can be as much as 28% too

high.

a,~,~=0, l’lé_].

d. The Arrested-Topographic Wave and inviscid cases

. Arrested-Topographic Wave theory (Csanady, 1978)
and Gill and Schumann’s (1974) forced continental
shelf wave theory are limiting cases of the theory de-
scribed in section 2. Arrested-Topographic Wave the-
ory applies when the motion is barotropic and 9/d¢
= (; Gill and Schumann’s theory applies when the
motion is barotropic and r = 0. As mentioned in the
introduction, scaling shows that for “weather” fre-
quency-band forcing and realistic friction, both limiting
theories should be subject to significant error. We now
demonstrate this using West Florida shelf model pa-
rameters.

1) THE ARRESTED-TOPOGRAPHIC WAVE CASE

We ran our West Florida Shelf model with exactly
the same parameters as before except that we put w
= 107957, To within negligible error, this is equivalent
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FIG. 6. Sea level response as in Fig. 2 except that a; = 0, i # j
(uncoupled forced wave equations case).

to putting 4/d¢ = 0. Such a model is, strictly speaking,
a modified version of Csanady’s model because of the
use of a different coastal boundary condition in each
case. Csanady used
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/20
2
E]
Fb+50 2
10 2
/ =
r . b+100
-600 -300 o
kilometers
(a)
4
®
H
(] 1 2
z
( ( Tk -
. } ! b+100
-600 =300 o

kilometers
(b)

FIG. 7. Alongshore velocity response as in Fig. 3 except
a; = 0, i # j (uncoupled forced wave equations case).
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porv=7" at x=0 (5.9)
while 8/9t = 0 in (2.2a) and v = p,po~!f ™! gives
porv+ph=1" at x=b. (5.10)

Observe that Csanady’s boundary condition cannot be
satisfied at the Florida Keys where v = 0, 77 # 0.

The sea level and alongshore velocity field results .

for the Arrested-Topographic Wave calculations are
shown in Figs. 8 and 9 respectively. While the plots
are quite similar to the general case (Figs. 2 and 3),
there are qualitative and quantitative errors in the
Arrested-Topographic Wave solution. As expected,
these errors increase as the frequency is increased.

' 2) THE INVISCID WAVE RESULTS

In this case we ran our model with r = 0. This is
analogous to the Gill and Schumann case except that
they obtained their solution in terms of a stream func-
tion and applied a different boundary condition at the
seaward edge of their model. .

The inviscid results are shown in Figs. 10 and 11.
They differ markedly from the general case (Figs. 2 and
3). Large errors thus result if friction is omitted. The
many short-scale features present are probably due to
higher modes which are not damped.

6. Concluding remarks
Given measured wind stress forcing, stratification
and shelf and slope topography, it is possible, using the

et
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FIG. 8. Sea-level response as in Fig. 2 except that 3/9¢ = O (Arrested-
Topographic Wave case). The phase contour interval is 10°.
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FIG. 9. Alongshore-velocity response as in Fig. 3 except that
d/dt = 0 (Arrested-Topographic Wave case).

theory presented, to estimate wind-driven low-fre-
quency current and sea level fluctuations on continen-
tal shelves. The theoretical structure allows for fairly
straightforward computation and provides the means

/ =
b+50 E
=
Y T b+100
-800 -300 o
kilometers
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b
- b+50 §
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T T b+100
- 600 -300 4]

kilometers
()

FIG. 10. Sea level response as in Fig. 2 except that
- r =0 = ay (frictionless case).
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FiG. 11. Alongshore velocity response as in Fig. 3 except r =0
= g (frictionless case). The contour interval is 4 cm s™* for the am-
plitude and 30° for the phase. Phase is not shown when the amplitude
is less than 4 cm s7".

of quickly identifying the relevant physics in terms of
coastal-trapped wave modes. Previous work (Clarke,
1977, Battisti and Hickey, 1984) using just one mode
and an inaccurate measure of friction gave encouraging
results. More recent tests using the more complete the-
ory here on larger datasets from the Australian Coastal
Experiment (Church et al., 1986) and the West Florida
Shelf (Mitchum and Clarke, 1986b) suggest that the
method is of practical use.
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APPENDIX A
Barotropic Results

1. Long shelf wave modes for general A(x) and large
mode number j

We wish to solve the longshelf-wave eigenvalue
problem (4.2) and (4.3) for general A(x) and large mode
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* number j. As mode number j increases, the x-scale of

the solution decreases so that the topographic scale
(hx/h)! is effectively a slowly varying function. This
suggests that for large j a solution with slowly varying
amplitude and rapidly varying phase, viz., a WKB type
solution, should be valid.

Substitution of the WKB form

F(x) = B(x) sinQ(x) (A1)

into (4.2) gives
By SinQ + 2B, Qx cosQ — B(Q)? sinQ
+ BQy, cosQ + %‘ (B, sinQ + BQ, cosQ)

+ %MB sinQ = 0. (A2)

Following normal WKB practice that B(Q,)* sinQ is a
zero-order quantity, BQ,, cosQ, 2B, Q. cosQ and (A,/
h)BQ, cosQ are first order, By, sinQ, (h,/h)By sinQ are
second order and y is at an order to be determined,
(A2) reduces, at zero order, to

uhy

P (A3)

(0. =

Since (A, /h)u > 0 for long continental shelf waves, Q,
is real. Without loss of generality, we take the positive
square root and obtain

ox) = fx (k—x ;u)md{x +v

% (A4)

for some arbitrary constant of integration ».
At first order (A2) reduces to

2B,Qx + BQy + BQx% =0. (AS)

Using (A4), (AS) can be reduced to
B__1 (&)”(ﬁz) _1 (f'z)
B 4\ h h], 2\h
which can be integrated to give

B(x) = constant (h.h)~"/4, (A6)
Thus F(x) is of the form (A1) with Q and B given by
(A4) and (A6) respectively.

Satisfaction of the boundary condition at x = a [see
Eq. (4.3b)] implies that

v =mm (A7)

where m is an integer. The boundary condition at x
= b, at lowest order, is

uBsinQ=0 at x=0b. (A8)
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Using the notation (4.5b) of the text, (A8) has ei-
gensolutions g; of the form

w'*Ty = (j + integer)w (A9)

for some fixed integer. In the case when the shelf has
constant slope the exact eigenfunctions are Bessel
functions [see Eqgs. (5.4a, b)] and large j asymptotics
show that the fixed integer in (A9) is —1. Thus at lowest
order

w'2Ty=(j— Dr (A10)
and consequently
Fi(x) = (hehy A {h A1 Ssin[(j — D TT, ']
X {1+0[G— D). (A1)

Note that the constant in (A6) has been chosen so that
Fj(x) is dimensionless and O(1). We also point out that
(A1l1) is a lowest (zeroth) order solution even though
B(x) was determined from the first order field equation.
The O[(j — 1)7!] first order solution follows a similar
pattern, being determined by the second order field
equation and first order boundary conditions.

2. Evaluation of the coefficients D;, b;, a; and a;;

Since the motion is barotropic the general formulae
(2.15)-(2.17) simplify to

D; = hdIF,B)F + f (Fi(x)yhedx  (Al12)

bj = D;"'F;(b) (A13)

aj; = [J; Fj d_x (rF,x)dx + ["I;‘jl;‘ix]x=b]f_le“l
(Al4a)
= (— fb rF,-ijxdx)/"Df'-
(A14b)

Evaluation of (A12)-(A14) using Fj(x) given in (Al l)
is straightforward, provided one integrates appropn-
ately by parts. As an example, the formula for g is
derived as follows.

Using Egs. (A11) and (A14b) we have

~Ds5= [ ] ey iy 1 = 1

2
X 7T, Ty cosf(j — 1)1rTT1,_l]:|

Xdx{1+O[(j—1)']}. (Al15)
Substituting for D;and T, from Table 1 and (4.5a) and
then simplifying gives

a;=—(— 1)22T73 | r(hy)'PH32
b
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x[1+cmpu—1ﬁrnﬂﬂ¢q1+ouj—n”n-

(A16)

Since

d . -
d—xsm(Z(J - DrTT, ‘)

= 28120 V2(j — )Ty cos[2(j — VnTT, '],

the right-hand side of (A16) can be integrated by parts
to show

a= G- 07Ty [ e
b
Xdx{1 +O[(j— D1} (A17)

which is the result shown in Table 1.
APPENDIX B
Baroclinic Results
1. R;(z) and c; for large j

To deduce the baroclinic results, it is necessary to
obtain the eigenvalues and eigenfunctions of the Sturm-
Liouville problem (4.10) for large mode number j. We
do this by an analogous WKB procedure to that in
appendix A and find that at lowest order

Rj(z) = (constant)N /2

X cos[&:l[l +03(™] @D
SH

¢ = =Sy '=7'[1 + O(i )] (B2)

Solutions of the eigenvalue problem (4.10) are widely
used so we point out that for realistic stratification the
asymptotic approximations (B1) and (B2) can be quite .
accurate for surprisingly small j. Numerical solutions .
of R;(z) and ¢ for stratification in the Australian Coastal
Experiment region (see Fig. 2 of Clarke and Thompson,
1984) were within 5% of the asymptotic estimates for
J = 4. For the j = 1 case the error was 5% for ¢; and
36% for R; and the numerical and asymptotic estimates
for the eigenfunctions were qualitatively very similar.
[The error in R; was calculated as :

{ 2 [Ri(zx) — Ri(z)P/ 2 [Ri(ze)P?}'2

where R;(z;) represents the numerical solution at grid
point z = z;, Rj(z;) the asymptotic estimate at that
gridpoint and K the total number of grid points.]

2. Evaluation of the coefficients D;, b;, a;; and a;

The coefficients can be evaluated by standard in-
tegration using appropriate integration by parts as
illustrated in appendix A. The results are shown in
Table 2.
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